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Abstract
An unsolved fundamental problem in decision science concerns the extent to which the nature of the perceived relationships among
items in a set of alternatives inﬂuences how they are chosen. More speciﬁcally, given a choice set with n items, how does human choice
behavior diﬀer as a function of the perceived relationships between the items of the set? In what follows, we study this problem empirically and theoretically from the standpoint of the dimensional structure of the choice set. In particular, we use generalized invariance
structure theory (GIST; Vigo, 2013, 2014) to propose an inverse relationship between the degree of concept learning diﬃculty of a choice
set (as determined by its degree of invariance or internal coherence) and choice response times on its members. To our knowledge, this is
the ﬁrst model that precisely uniﬁes these two fundamental constructs. On average, the model, without free parameters, accounts for
nearly 90% of the variance in the data from our two response-time experiments.
Ó 2015 Elsevier B.V. All rights reserved.
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1. Introduction
A fundamental open problem in decision science concerns how, and to what degree, an organism’s perception
of the relationships between alternatives in a choice set
inﬂuences its choice behavior. To answer this question,
an understanding of the fundamental tendency of our perceptual and conceptual systems to implicitly and automatically act as relational information processors (Kroger,
Holyoak, & Hummel, 2004; Vigo, 2009a, 2009b; Vigo &
Allen, 2009) seems to be a basic prerequisite. For example,
the decision regarding which political candidate to support
involves not only considering the platform for which they
stand but also comparing it to the platforms of the other
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candidates concurrently in the race. Likewise, when
diagnosing a patient, a physician utilizes the patient’s
symptoms to make a decision that often hinges on the
relationship between the duration and severity of the symptoms. Finally, a commonplace set of decisions regarding
which groceries to purchase at the supermarket is aﬀected
not only by the dimensions of preference, health, and price,
but also by the relationships among alternative products.
The perceived relationships between the items of the aforementioned real world choice sets may be of such magnitude
that whenever a political candidate drops out of a race, a
new symptom emerges within the patient, or a product is
no longer available, an individual’s perception and choice
behavior concerning the remaining alternatives may
change.
Examples of when these perceptions may be aﬀected,
particularly when holding the relationships between the
alternatives constant, involve framing eﬀects, commonly
interpreted through prospect theory (Kahneman &
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Tversky, 1979; Tversky & Kahneman, 1981). Speciﬁcally,
one may choose Option A in one instance when the decision frame is expressed in terms of losses, and then choose
Option B when the frame is in terms of gains, even though
the values between the options remain constant for both
decision frames. Essentially, by changing the way a particular choice set is framed, other psychological dimensions
may come into play that alter subsequent judgmental processes and, consequently, may cause a reversal in choice
behavior (Tversky & Kahneman, 1981). The “decoy eﬀect”
(Ariely, 2008) is similar to the aforementioned preference
reversal phenomenon but applied to decisions involving
advertising and mate selection. Again, introducing a clearly
inferior option into the choice set can alter an individual’s
perception of the relationships between the alternatives (or
their Gestalt) and create a type of preference reversal similar to the framing eﬀects discovered by Tversky and
Kahneman (1981).
Although decision making takes place within ever-changing environmental contexts, much research has focused on
analyzing human choice behavior without regard for the
perceived interaction between the components of each
alternative in the choice set at hand (note: a noteworthy
exception is research on independence from irrelevant alternatives; see Busemeyer & Johnson, 2008). Traditionally, a
signiﬁcant number of decision science researchers have
attempted to predict an individual’s actual choice in situations of risk and uncertainty (i.e., gambles), inferring after
the choice is made what judgmental processes may have
occurred (see Johnson & Busemeyer, 2010; Rieskamp,
2008 for surveys). Therefore, many theories and much
empirical work have relied on determining subjective
utilities using weighted features to represent individual
preferences for particular alternatives. At the core of this
approach lies the presupposition that human decision making is probabilistic in nature (Busemeyer & Townsend, 1993;
Johnson & Busemeyer, 2010; Kahneman & Tversky, 1979;
Luce, 1959; Restle, 1961; Rieskamp, 2008; Rumelhart &
Greeno, 1971; Tversky, 1972; Tversky & Kahneman,
1981). In other words, the decision making behavior of
individuals, due to incomplete information from their
environment, is determined largely by uncertainty.
One such probabilistic model was proposed by Restle
(1961). The suppression-of-aspects (SOA) choice model
proposes humans randomly attend to a speciﬁc dimension,
while suppressing the other dimensions, to help arrive at a
choice. Although the approach also linked probabilities to
similarity, as does Luce’s Choice axiom, it provided better
ﬁts to the empirical data because of the nature of its similarity relation (Rumelhart & Greeno, 1971). SOA represented a step forward at measuring how the speciﬁc
relations among a set of objects (i.e. context), and not just
their presence as independent alternatives, aﬀect judgment
and decision making processes. In the same spirit,
Busemeyer, Forsyth, and Nozawa (1988) developed an
extension to the SOA choice model that predicted choice
response times for binary choices.

Alternatively, rather than randomly attending to a particular dimension and concurrently suppressing the other
dimensions, the elimination-by-aspects (EBA) model proposes that humans undergo a sequential elimination process, dimension by dimension, with the most important
dimension being probabilistically chosen ﬁrst for any
individual decision maker (Tversky, 1972). The inclusion
of individual preference in dimensional selectivity permits
an explanation of consistency—and by extension rationality—for any individual decision maker. Marley (1981)
extended the EBA choice model to predict choice response
times, and Busemeyer et al. (1988) showed that this EBA
extension makes similar predictions to the SOA extension
in terms of binary choice probabilities and that the two
extensions can be distinguished when predicting choice
response times. Similarly, the present study aims to predict
and explain choice response times, but not choice probabilities, for preferential decisions involving choice sets consisting of numerous alternatives deﬁned over three and four
binary dimensions. It accomplishes this using categorical
invariance theory (CIT; Vigo, 2009b, 2011a) and, more
speciﬁcally, its oﬀspring, generalized invariance structure
theory (GIST; Vigo, 2013, 2014).
However, in contrast to the aforementioned notions of
contextual choice, GIST oﬀers a non-probabilistic
approach to predicting choice response times. Our ultimate
goal in using GIST is to discover the quantitative relationship between the degree of diﬃculty associated with learning a concept from a choice set and the length of time it
takes to choose a preferred alternative from the set. The
basic idea underlying the GIST approach to choice
response times is that when presented with several alternatives from which a choice is to be made, humans detect the
atomic patterns (named “categorical invariants”) that are
inherent to the relationships between the alternatives; these
patterns enhance or attenuate aspects of the alternatives
which ultimately determine choice response times.
2. Generalized invariance structure theory
GIST and the mathematical model referred to as the
“generalized invariance structure theory model”, or
GISTM, predicts categorization performance for a wide
variety of category structures. More speciﬁcally, it
accounts for about 90% of the variance in proportion of
correct responses data from 84 types of category structures
sampled from 5100 distinct categories (Vigo, 2009b, 2013;
see Section 3.2 for an explanation of these terms). The
GISTM does this with a single scaling parameter k which
makes it possible to account for individual diﬀerences.
On the other hand, the “non-parametric” variant of the
model referred to as the GISTM-NP performs nearly as
well without the use of free parameters. For example, both
models account for about 90% of the variance in large scale
human classiﬁcation data and both account for several key
concept learning diﬃculty orderings in the literature,
including but not limited to the commonly studied “SHJ
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category types” learning diﬃculty ordering (Shepard,
Hovland, & Jenkins, 1961; Vigo, 2011a, 2013).
In GIST, observers are detectors of particular kinds of
atomic patterns called “categorical invariants”, where a
categorical invariant is a relationship between a pair of
objects that permits them to be converted into one another
by a mutual and opposite change to one of their dimensional values (see Fig. 1). In other words, categorical
invariants are simply the smallest redundant or coherent
patterns in a categorical stimulus (see Vigo, 2009b,
2011a, 2013, 2014 for a detailed explanation). Some of
the equations describing the perturbation process underlying invariance detection and perceived degree of learning
diﬃculty are deﬁned in Appendix A; however, we next give
a brief non-technical explanation of the basic ideas.
A simple explanation given by Vigo (2014) characterizes
invariance pattern detection as, among other things, a process that:
“. . .determines the overall impact that a systematic
change to each of its particular deﬁning dimensions
has on category membership. For example, by changing
all the objects of a category with respect to a particular
dimension, an observer can ascertain how essential the
dimension is in determining category membership.
When the dimension is highly essential (i.e., when membership depends strongly on the particular dimension),
the change will result in the “removal” of most or all
of the objects from the original category; likewise, when
the change is not essential (i.e., when membership is
independent of the particular dimension), the change
will “preserve” most or all of its members.
Accordingly, the overall degree of categorical invariance
of a categorical stimulus takes into account the overall
contribution of all these dimensional changes in determining category membership for its members. Hence,
a high degree of categorical invariance signiﬁes a high
overall degree of dimensional “non-diagnosticity” or
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“non-essentiality”. Nonetheless, such high degree makes
the category easier to learn and more diﬃcult to perceive
its elements as independent because it boils down category membership to a relatively smaller number of
essential or semi-essential dimensions that relationally
homogenize the members of the category (or, in other
words, increases its coherence).” (p. 77).
As a high level description of this mechanism, the
GISTM, as shown in Eq. (1) asserts that the subjective
degree of concept learning diﬃculty w of a category of
objects (i.e., a set of dimensionally deﬁned objects) F (as
measured by the error rates in classifying its members) is
directly proportional to the cardinality of the category
(i.e., number of its elements jFj) and inversely proportional
to the square of the exponent of its degree of categorical
_

invariance UðF Þ (or UðFÞ in the generalization of categorical invariance to both dichotomous and non-dichotomous
domains1). The parameter k P 0 is a scaling and
discrimination parameter that does not appear in the
non-parametric version of the model. More speciﬁcally,
the parameter k is an index that summarizes concept learning performance by indicating an observer’s overall degree
of discrimination between invariance patterns as a function
of their dimensionality (i.e., as a function of the number of
dimensions). The ability to extract invariance patterns at
diﬀerent dimensional levels is captured by this parameter,
where higher values indicate better discrimination.
Admittedly, the parameter k is not very revealing unless
the model can provide accurate ﬁts to the data.
2

wðFÞ ¼ jFj  ekU

ðF Þ

ð1Þ

The version of the GISTM without free parameters
(GISTM-NP; Vigo, 2013, 2014) uses a deterministic
quantitative index to characterize this discrimination
capacity: namely, D0 =D where D0 stands for the minimum
number of dimensions needed to non-trivially describe a
category of objects ðD0 ¼ 2Þ and D is the number of dimensions that deﬁne the categorical stimulus:
D0

wðFÞ ¼ jFj  eð D ÞU

2 ðF Þ

ð2Þ

Fig. 1 displays a visual example of a categorical stimulus, and the high level description of invariance pattern
detection which involves dimensional transformations
(i.e., perturbations) of the categorical stimulus and the
calculation of both the degree of categorical invariance
and subjective degree of concept learning diﬃculty for
the shown categorical stimulus. Note that in this article
we do not discuss the details of the cognitive mechanisms
underlying this process (for a detailed speciﬁcation and
explanation of these mechanisms see Vigo, 2013, 2014).
1

Fig. 1. An instance of a 3-dimensional structure with four objects. The
pair of boxes under each column contain two “categorical invariants”.

Under the non-generalized notion of categorical invariance, the
category F should be interpreted as a Boolean category deﬁned over
binary dimensions.
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To make the quantitative link between choice behavior
and concept learning, we use a principle introduced by
Vigo (2014) referred to as the conceptual-choice principle:
for any two ﬁnite choice sets, F and G, deﬁned over the
same dimensions, if F and G are of equal size ðjFj ¼ jGjÞ
and the degree of concept learning diﬃculty of F P G,
then the degree of choice diﬃculty ðC d Þ in choosing a preferred item r from F is less than or equal to the degree of
choice diﬃculty ðC d Þ in choosing a preferred item s from
G. This is stated formally as follows: C d ðrjFÞ 6 C d ðsjGÞ.
Using the same assumptions, from this principle, we can
deduce that the length of time it takes to choose a preferred
item r from F is less than or equal to the time it takes to
choose preferred item s from G, ðC RT ðrjFÞ 6 C RT ðsjGÞÞ:
More generally,
C RT ðrjFÞ /

1
wðFÞ

ð3Þ

which predicts that the choice response time ðC RT Þ associated with any preferred item r being chosen from any
choice set F is inversely proportional to the subjective
degree of concept learning diﬃculty of F. Intuitively, this
makes sense because according to Eq. (1), as the degree
of categorical invariance of a set of objects increases, its
learnability (as a concept) also increases. But, as discussed,
categorical invariance is a measure of the degree of coherence of a category. In other words, when a category has
high relational homogeneity or internal coherence, it
should be more diﬃcult to perceive its objects as being
totally independent from each other. As such, choosing
preferred items from such a set should take longer. This
means that, for choice sets deﬁned on the same dimensional
space, those sets from which it is diﬃcult to grasp a concept
are also the sets from which items are selected, on average,
in less time due to a relative lack of the non-essential and
confounding dimensions that are implied by an overall
low degree of categorical invariance.
Although the inverse of w (i.e., 1=wðFÞ) is a good
approximation of choice reaction times (e.g., it accounts
on average for about 50% of the variance in the data from
our two studies), it is not the most accurate characterization (that is, it does not yield the most accurate predictions) because the inﬂuence of category cardinality (i.e., the
size of category) is cancelled out by the inverse of w. What
is needed is both the inverse of the degree of categorical
invariance and the cardinality of the set to both play a role
in inﬂuencing choice RTs. Yet, formulating choice RTs as
directly proportional to the inverse of the degree of categorical invariance of a choice set and to its cardinality (as
shown below) is not the approach that we are looking for
exactly because we want to have an expression that
expresses the same but in terms of w (recall that our goal
is to make a direct link between the concept learning law
w and choice reaction times).
Using this argument, Vigo (2014) formulated the desired
precise quantitative connection between the inverse of
degree of concept learning diﬃculty and choice reaction

time by formulating Eq. (4) below in terms of degree of
concept learning diﬃculty. The equation asserts that choice
reaction times are directly proportional to the size and
degree of categorical invariance of the choice set. Taking
the natural logarithm reveals the precise relationship
_

between U, jFj, and choice RT sought.
!
2
jFj
C RT ðrjFÞ / loge
wðFÞ
!
2
jFj
¼ loge
_
jFjekU2 ðFÞ


_
2
¼ loge jFjekU ðFÞ
_

¼ kU2 ðFÞ þ loge ðjFjÞ

ð4Þ

Without free parameters, Eq. (4) above is reformulated
as follows:
!
2
jFj
C RT ðrjFÞ / loge
wðFÞ
!
2
jFj
¼ loge
D0 _2
jFjeð D ÞU ðFÞ


D0 _2
¼ loge jFjeð D ÞU ðFÞ
 
D0 _ 2
¼
ð5Þ
U ðFÞ þ loge ðjFjÞ
D
We shall refer to Eq. (4) as the inverse of the GISTM
and to its counterpart without free parameters, Eq. (5),
as the inverse of the GISTM-NP. Empirically, the present
study tests this latter formulation (without free parameters)
based on the inverse of the degree of concept learning difﬁculty w. And we hypothesize that increases in categorical
invariance (i.e., internal coherence) among alternatives in a
choice set make decisions involving such relationships
more diﬃcult, and thus lead to longer choice response
times. To test this hypothesis, we conducted two studies
by presenting categorical stimulus structures to subjects
and instructing them to choose their most preferred item
from each shown categorical stimulus. For the ﬁrst study,
we tested a key family of category structures, previously
referred to as the “SHJ category types”, which have been
a theoretical and empirical cornerstone of classiﬁcation
research. Importantly, the generality of the results from
this ﬁrst study may be limited because each of these category structures has the same number of objects and each
are constrained to a 3-dimensional stimulus space.
Therefore, we conducted a second study with the aim of
generalizing beyond this family of category structures. To
achieve this, we tested 5 families of category structures
deﬁned over three binary dimensions and 2 families of category structures deﬁned over four binary dimensions. These
7 families comprise a total of 56 unique category types,
each of which is composed of between 2 and 12 objects,
and are a subset of the category types that have been
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recently tested in large scale classiﬁcation experiments
(Feldman, 2000; Vigo, 2013). Although the experimental
task was identical for each of the two studies (i.e., having
subjects choose their most preferred item), there were substantial diﬀerences with regard to the number of category
structures tested between them. Therefore, to fully appreciate the generality of the results of the second study, we will
brieﬂy introduce the 7 families of category structures tested
and elucidate how they were divided before shown to diﬀerent groups of subjects.
3. Method
3.1. Participants
For the ﬁrst and second studies, we recruited a total of
51 and 145 participants from introductory psychology
courses at Ohio University, respectively. Each participant
was 18 years or older.
3.2. Stimuli
3.2.1. Study 1
HP XW4600 workstations with Dell 1708FP 15-inch ﬂat
panel LCD monitors (5 ms response time) were used to display sets of shoes deﬁned over three binary dimensions:
color (light blue or dark blue), heel width (skinny or thick),
and toe (open or closed) and t-shirts deﬁned over three binary dimensions: color (white or beige), neck type (round or
v-neck), and stripes (one or three). Each set was displayed
on a neutral gray background for a maximum of 20 s.
The stimulus sets were generated in accord to the six
types of category structures consisting of three binary
dimensions and four objects. We chose this family of six
structures because: (1) they have been studied extensively
from the standpoint of categorization performance (e.g.,
Nosofsky, Gluck, Palmeri, McKinley, & Glauthier, 1994;
Shepard et al., 1961; Vigo, 2011a, 2013), (2) numerous
key experiments and robust results in the concept learning
literature are based on these six structures (e.g., Nosofsky
et al., 1994; Shepard et al., 1961; Vigo, 2011a, 2013), and
(3) their size and dimensionality makes them cognitively
tractable for humans (i.e., they are neither too diﬃcult
nor trivially easy to learn). Moreover, classiﬁcation performance on instances of these structures has been interpreted
as revealing key psychological principles underlying the
process of concept formation, making them a benchmark
for models of categorization behavior. Symbolically, we
shall use the notation from Vigo (2013) and refer to this
family of structures as the 32[4] family of category structures (where the ﬁrst number stands for the number of
dimensions, the subscript stands for the number of values
per dimension, and the bracketed number stands for the
number of objects in the category).
Each structure type preserves a speciﬁc relationship
between the dimensional values of the objects of a particular set. For 3-dimensional binary stimuli there are 70
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unique combinations of four diﬀerent objects out of a total
of eight possible objects (23). These are reducible to the six
possible structures making up the 32[4] family (for a proof
see Higonnet & Grea, 1958). Henceforth, we will refer to
these unique combinations as instances. Instances of each
32[4] structure type for the shoe, t-shirt, and clock (presented in Study 2) stimuli, along with their degree of categorical invariance, are presented in Fig. 2 below. Instances
of type I have the highest degree of categorical invariance
(U = 1.414), followed by type II (U = 1), type III & IV
(U = .866), type V (U = .707), and ending with type VI
(U = 0) having the least degree of categorical invariance.
As shown in Eq. (1), degrees of categorical invariance
play an important role in the categorical invariance model
of classiﬁcation behavior. Note that the instances for the
shoe, t-shirt, and clock stimuli displayed in Fig. 2 represent
only a fraction of the structurally-equivalent instances that
were shown to subjects in the experiments. Lastly, the “+”
symbol in each instance represents the location of the
mouse cursor and the speciﬁc shoe, t-shirt, or clock selected
by that subject for that experimental trial.
3.2.2. Study 2
The same Dell workstations were used to display sets of
clocks deﬁned over three or four binary dimensions: color
of hands (white or black), number of tick marks (few or
many), angle of hands (narrow or wide), and shape (circular
or square); shoes deﬁned over three or four binary dimensions: color (light blue or dark blue), heel width (skinny or
thick), toe (open or closed), and strap (present or absent);
and t-shirts deﬁned over three or four binary dimensions:
color (white or light beige), neck type (round or v-neck),
stripes (one or three), and pocket (present or absent).
Each set was displayed on a neutral gray background for
a maximum of 20 s.
The stimulus sets were generated in accord to the 18
types of category structures consisting of between 2 and 6
objects deﬁned over three binary dimensions (i.e., 32[2];
32[3]; 32[4]; 32[5]; 32[6]) and to the 38 types of category
structures consisting of 4 and 12 objects deﬁned over four
binary dimensions (i.e., 42[4]; 42[12]). Again, we chose these
families of category structures because they provide greater
generalizability of potential results and have been utilized
in large scale classiﬁcation experiments aimed at comparing
the adequacy of models of categorization behavior
(Feldman, 2000; Vigo, 2013).
3.3. General procedure
Upon obtaining consent, the researcher explained to the
participant that they were taking part in a preferential decision making task in which they were to select the object
they preferred out of a set of related objects. Speciﬁcally,
they were told that they would see diﬀerent groupings of
shoes and t-shirts (and clocks) and should select the shoe
or t-shirt (or clock) they preferred out of the set of those
shown.
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Fig. 2. Shown are examples of instances of the six 32[4] category types used in Study 1 (shoes, t-shirts) and in experiment 1 of Study 2 (shoes, t-shirts, and
clocks). The degree of categorical invariance for any of the six types is displayed in parentheses. Additionally, the observed average choice response times
for each of the six category structures across all subjects for Study 1 and experiment 1 of Study 2 are shown for the shoe, t-shirt, and clock stimuli,
respectively. These instances were drawn from an experimental session and “+” represents the mouse cursor and the selection for that particular instance.

3.3.1. Study 1
The ﬁrst experiment was counterbalanced, such that half
of the participants made choices on the t-shirt stimuli ﬁrst,
with a 4-trial training session preceding each of the two
experimental blocks. This training session was designed
to reduce potential testing and learning eﬀects that may
have occurred, thus limiting potential confounding explanations to the experimental block. Each experimental block
consisted of 60 trials divided evenly among the six 32[4]
category types to yield 10 instances of each speciﬁc type.
Each instance was randomly drawn from a pool of all possible instances for each category type and were presented
randomly to each subject throughout the experiment.
Participants had 20 s to make their decision for any given
trial and between trials a neutral gray screen appeared
for 3 s. The experiment was completed upon ﬁnishing both
training phases and experimental blocks.
To conduct statistical analyses, we decided to remove
only those subjects that did not have complete data for
both experimental blocks (N = 3) and only subject
responses that exceeded 20 s (3 out of 5760). The remaining
sample consisted of 48 subjects for both experimental
blocks. Finally, to determine whether subjects did indeed
establish preferences for speciﬁc shoe and t-shirt stimuli
rather than just choosing a stimulus randomly, we performed an additional analysis which examined preference
reversals for each subject. We observed subjects made an
average of 5 reversals for each type of stimuli corresponding to reversals in less than 20% of the actual choices, thus
providing evidence that subjects did establish preferences
or at the very least did engage in systematic choosing
amongst the four alternatives in each choice set.

experiments. Further, each subject made choices for only
one of the three experiments. Each experiment contained
a subset of the 56 category structures previously mentioned
and were as follows: E1 (N = 49) contained the 18 structures associated with the 3-dimensional families (i.e.,
32[2]; 32[3]; 32[4]; 32[5]; 32[6]); E2 (N = 49) contained the
19 structures associated with the 42[4] family; and E3
(N = 47) contained the 19 structures associated with the
42[12] family. Within each experiment, we tested a total
of 12 instances per category structure (i.e., 4 clocks, 4
shoes, 4 t-shirts). Again, instances were randomly drawn
from a pool of all possible instances for each category type
and were presented randomly to each subject throughout
the experiment. Thus, subjects in each of the three experiments made a total of 216, 228, and 228 choices, respectively. Importantly, the experimental task was preceded
by a 4-trial training session and was divided into two parts
such that subjects made choices on half the instances before
taking a brief break. Participants had 20 s to make their
decision for any given trial and between trials a neutral
gray screen appeared for 3 s. The experiment was completed upon ﬁnishing both halves of the experimental task.
To conduct statistical analyses, we decided to remove
only those subjects that were not paying attention to the
task at hand (i.e., clicking through the experiment and/or
texting; N = 15) and only subject response times that
exceeded 20 s (11/29,100 response times). The remaining
sample consisted of 45 subjects for E1, 44 subjects for
E2, and 41 subjects for E3.
4. Results & Discussion
4.1. Study 1

3.3.2. Study 2
The second study involved testing signiﬁcantly more
category structures and thus it was divided into three

We conducted statistical analyses on the complete set of
data from the 48 subjects and also on a trimmed set of data
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from the same 48 subjects. We utilized the ‘stats’ package
in R to conduct these analyses (R Core Team, 2013). We
decided on a 5% trim of both the lowermost and uppermost
choice response times for each category type to eliminate
outliers or inﬂuential cases and because we are interested
in the middle 90% of the choice response time distribution
per category type (Whelan, 2008). Because we observed
similar regression ﬁts and t-test results for both the complete set of data and the trimmed set of data, in what follows we will only report the statistics associated with the
complete set of data. For each stimulus (i.e., shoes/t-shirts),
we averaged the 10 response times per category type per
person to yield response time averages at the subject level.
We combined these 48 averages per type to yield an aggregate response time average for each category type within
each stimulus condition.
Fig. 3 below displays model ﬁts when using the inverse
of the subjective degree of concept learning diﬃculty as
the predictor of choice response times for each category
type in the 32[4] family of category structures. The ﬁrst column of model ﬁts in Fig. 3 represents regression analyses
on these six structures for the shoe (row 1) and t-shirt
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(row 2) data of Study 1. Overall, it appears there is a positive linear trend for choice response times to increase as
degree of categorical invariance increases. The linear trend
holds for both types of stimuli and accounts for approximately 81% and 99% of the variance in choice response
times for the shoe (t(4) = 4.19, b = 0.34, p < .05,
SE = 0.082, RSE = 0.082) and t-shirt (t(4) = 26.0,
b = 0.35, p < .001, SE = 0.013, RSE = 0.013) data of
Study 1. Additionally, the observed Spearman rank-order
correlations for both types of stimuli were approximately
.64 for the shoe data and .99 for the t-shirt data.
Combining the shoe and t-shirt data for each participant
yields 96 averaged response times for each of the six category types. Averaging these 96 response times yields an
aggregate average for each of the six types. As is evident
within the ﬁrst row of Fig. 4, the weak monotonic trend
holds for the combined data and accounts for approximately 94% of the variance in choice response times
(t(4) = 7.61, b = 0.35, p < .01, SE = 0.046, RSE = 0.045).
Additionally, the observed Spearman rank-order correlation for the combined data was approximately .90.
Lastly, pairwise t-tests between mean choice response times

Fig. 3. Linear regression ﬁts when the inverse of the subjective degree of concept learning diﬃculty is used to predict the average choice response times for
the 32[4] family of category structures tested in Study 1 and in experiment 1 of Study 2. Rows one and two in the ﬁrst column represent model ﬁts to the
shoe and t-shirt data, respectively, for Study 1. Rows one (second column), two (second column), and three represent model ﬁts to the shoe, t-shirt, and
clock data, respectively, for experiment 1 of Study 2. Importantly, although the positive linear trend is present in both studies and for each stimuli
condition, there were signiﬁcantly more category instances tested in Study 1 (i.e., 480 per category type) than were tested in Study 2 (i.e., 180 per category
type). This may explain the greater variance seen in the graphs of Study 2. Note that a dotted 95% conﬁdence interval band is displayed for each graph.
*
p 6 .05, **p < .01, ***p < .001.
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Fig. 4. Linear regression ﬁts when the inverse of the subjective degree of concept learning diﬃculty is used to predict the average choice response time for
the 32[4] family of category structures tested in Study 1 and in experiment 1 of Study 2. The ﬁrst graph depicts model ﬁts to the combined data for Study 1;
whereas, the second graph depicts model ﬁts to the combined data for experiment 1 of Study 2. The third graph depicts model ﬁts to the combined data
used in the ﬁrst two graphs. As can be seen, the inverse of the GISTM-NP accounts for approximately 94%, 98%, and 98% of the variance respectively.
Note that a dotted 95% conﬁdence interval band is displayed for each graph. **p < .01, ***p < .001.

for type I and the remaining ﬁve category types were all signiﬁcant at the p < .01 level. Thus, mean choice response
times for type I (M = 2.55, SD = 0.98) were signiﬁcantly
longer than mean choice response times for any of the
other ﬁve category types. Further, upon applying a
Bonferroni correction procedure, pairwise t-tests between
type VI and the remaining ﬁve category types indicated
that mean choice response times for type VI (M = 2.08,
SD = 0.75) were signiﬁcantly shorter than mean choice
response times for type I (t(95) = 7.05, p < .0001,
d = 0.47) and type II (t(95) = 2.78, p < .01, d = 0.16).
There were no signiﬁcant diﬀerences between the middle
four category types (II, III, IV, V) and we believe this may
have occurred for a combination of two reasons: the range
of the degree of categorical invariance between these four
types is relatively small (0.30) and data from the shoe
stimuli may have compromised any true diﬀerences
between these types. First, each of these middle four category types possesses a moderate degree of categorical
invariance and it is possible that these minor diﬀerences
between category types were not perceived by the subjects.

Importantly, however, is the fact that observed choice
response times for each of these four category structures
do fall between the observed choice response times for type
I and type VI structures, thus providing partial support for
the monotonically increasing linear trend observed above.
Second, gender diﬀerences speciﬁc to the shoe stimuli
may have inadvertently led to less systematic choosing
amongst the alternatives in each set for the males.
Although intriguing and worthy of further investigation,
we did not collect information on gender for each subject.
In total, these ﬁndings provide initial evidence that making choices on instances of the category type with the highest degree of categorical invariance (type I) were the most
diﬃcult and instances of the category type with the lowest
degree of categorical invariance (type VI) were the least difﬁcult. As noted, the degree of concept learning diﬃculty of
a categorical stimulus is indirectly proportional to its
degree of categorical invariance; thus, those categorical
stimuli with the highest degree of categorical invariance
are the easiest to learn (type I). The current ﬁndings, however, suggest a proportional relationship between degree of
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categorical invariance and degree of preferential choice difﬁculty (see Eq. (3)). Therefore, according to the conceptual-choice principle stated earlier, mean choice
response time per preferred item should decrease monotonically as the degree of concept learning diﬃculty of
the categorical stimulus increases. This means a gradual
decrease in response times corresponding to choice set
instances
of
structure
types
I
through
VI.
Notwithstanding, the three experiments of Study 2 were
designed to replicate these results of Study 1 and to extend
the generalizability of the aforementioned conceptualchoice principle to stimuli consisting of between 2 and 12
objects varying over 3 or 4 binary stimulus dimensions.
4.2. Study 2
We conducted statistical analyses on the complete set of
data for the 45, 44, and 41 subjects corresponding to E1,
E2, and E3, respectively; and also on a trimmed set of data
from these same subjects. As before, we utilized the ‘stats’
package in R to conduct these analyses (R Core Team,
2013). Again, because we observed similar regression ﬁts
and t-test results for both the complete set of data and
the trimmed set of data, in what follows we will only report
the statistics associated with the complete set of data. For
each subject within each of the three experiments, we averaged the 4 response times per stimulus type (i.e., clocks,
shoes, t-shirts) per category type. Additionally, we collapsed across stimulus type and averaged the 12 response
times per category type per subject to yield response
time averages at the subject level. Lastly, we combined
these per type subject-level response time averages to yield
an aggregate response time average for each category type
within each of the three experiments.
As can be seen in the second column of Fig. 3 and in the
second row of Fig. 4, the positive linear trend for choice
response times to increase as degree of categorical invariance
increases is present and replicated with a substantially fewer
number of tested category instances (i.e., 180 per stimulus
type shown in Fig. 3 and 540 across three stimulus types
shown in Fig. 4). Indeed, the inverse of the GISTM-NP
accounted for approximately 98% of the variance in
aggregated choice response times for the six 32[4] category
structures in experiment 1 of Study 2, t(4) = 14.12,
b = 0.26, p < .001, SE = 0.018, RSE = 0.018. Note the replication of the ﬁnding of Study 1 with substantially fewer
choice response times per type at the aggregate level (i.e.,
960 for Study 1 and 540 for experiment 1 of Study 2).
Fig. 5 below displays model ﬁts, corresponding to each
of the 7 tested category families, for the aggregate response
time averages after using the inverse of degree of concept
learning diﬃculty as a predictor and as calculated using
the GISTM-NP (Vigo, 2013). Importantly, the reported
regression ﬁt for the 32[4] family of structure types in
Fig. 5 involved aggregating data across all stimulus types
and across the two experiments. As can be seen, these
trends were signiﬁcant for the 32[4] (t(4) = 10.99,
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p < .001, b = 0.31, SE = 0.028, RSE = 0.028, R2 = .97),
the 42[4] (t(17) = 4.92, p < .001, b = 0.40, SE = 0.081,
RSE = 0.086, R2 = .59), and the 42[12] (t(17) = 3.91,
p < .01, b = 0.45, SE = 0.114, RSE = 0.078, R2 = .47)
families of category structures. Indeed, observing signiﬁcant trends for these three families is highly informative
because of the increased number of unique structure types
corresponding to each of these three category families (e.g.,
6, 19, 19 vs. 3 for the other four families tested in experiment 1 of Study 2). Replicating the results from Study 1
and observing the same relationship between choice
response times and the inverse of the degree of concept
learning diﬃculty for multiple families of category structures varying in terms of number of objects and dimensionality gives further empirical support for the
conceptual-choice principle mentioned earlier.
Fig. 6 below displays model ﬁts for the entire set of 56
category types tested across the three experiments when
using the inverse of the degree of concept learning diﬃculty
to predict choice response times. As shown in the top row of
Fig. 6, the inverse of the GISTM-NP accounts for approximately 86% of the variance in choice response times for the
combined data, t(54) = 18.59, p < .0001, b = 0.26, SE =
0.014, RSE = 0.10. Furthermore, this relationship holds
across all three stimulus types accounting for approximately
81%, 63%, and 80% of the variance in choice response times
for the clock (t(54) = 15.31, p < .0001, b = 0.30, SE = 0.02,
RSE = 0.142), shoe (t(54) = 9.60, p < .0001, b = 0.19,
SE = 0.02, RSE = 0.143), and t-shirt data (t(54) = 14.73,
p < .0001, b = 0.29, SE = 0.019, RSE = 0.14), respectively.
Lastly, the spearman rank-order correlations associated
with the model ﬁts for the combined, clock, shoe, and t-shirt
data were approximately .92, .88, .85, and .87, respectively.
4.3. Model comparison
4.3.1. Comparisons on the 7 structure families
The results above were interpreted using the conceptualchoice principle and its corresponding inverse law from
“Mathematical Principles of Human Conceptual
Behavior” (Vigo, 2014). In this section, we compare the
inverse law predictions to those of the extension to SOA
by Busemeyer et al. (1988). Please refer to page 344 in
Busemeyer et al. (1988) for a detailed discussion of the model
and the equations (e.g., Eqs. (3) and (4)) used to derive predictions in the current study. The EBA extension, developed
by Marley (1981), includes additional assumptions regarding the dimensional selectivity by observers in making pairwise preferential decisions. Speciﬁcally, appropriate tests of
the model call for a speciﬁc empirical protocol involving the
monitoring of the sequential process of decisions. This is
incompatible with our empirical paradigm and the recorded
data; thus, we were not able to test the performance of the
EBA extension developed by Marley (1981). However, as
Busemeyer and associates point out (Busemeyer et al.,
1988), empirical results from Petrusic and Jamieson (1978)
consistently favored the predictions made by the extended
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Fig. 5. Linear regression ﬁts when the inverse of the subjective degree of concept learning diﬃculty is used to predict the average choice response time for
each of the 7 families of category structures tested across the three experiments of Study 2. Visually, there is a monotonic trend for choice response times to
increase as the subjective degree of concept learning diﬃculty (calculated using the GISTM-NP) decreases for each of the 7 tested category families.
**
p < .01, ***p < .001.

SOA model, and consistently violated those made by the
EBA extension. Table 1 shows a model comparison between
the candidate inverse law and the suppression-of-aspects
extension developed by Busemeyer et al. (1988).
Importantly, the following comparison and the present
study in general is only concerned with predicting choice
response times and not choices, which we take as a limitation
against the SOA extension.
In calculating the SOA extension predictions,
Busemeyer et al. (1988) speciﬁed a model to predict
choice response times for choice sets involving two alternatives, but did not extend the model to incorporate
choice sets consisting of n-alternatives. However, the
authors did hint at the following generalization, originally
put forth by Restle (1961), for choice sets involving n-alternatives: “The mean response time for a given sequence
of comparisons and selections equals the sum of the
individual mean binary choice response times produced
by the sequence (p. 347)”. In other words, these individual choice response times are summed throughout the
sequence of comparisons to arrive at the ﬁnal choice

response time for making a selection among the set of
alternatives. Thus, for choice sets involving four alternatives, there are three binary choice comparisons due to
the elimination of an alternative after each individual binary comparison. This heuristic assumes that we know the
choice response time as well as the actual choice for any
binary choice comparison and subsequent selection within
an n-alternatives choice set. We did not assume either and
thus we averaged the predicted response times associated
with each binary choice comparison among the two,
three, four, ﬁve, six, or twelve alternatives choice sets.
This procedure produced an average across 1, 3, 6, 10,
15, and 66 response times for each category type within
the 32[2], 32[3], 32[4] & 42[4], 32[5], 32[6], and 42[12] families of category structures, respectively. Averaging these
response times for each category type did not produce
diﬀerent results than if we summed the response times.
4.3.2. Comparisons on the 56 structure types
We computed parameter estimates associated with the
SOA extension model for the combined data as well as for
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Fig. 6. Linear regression ﬁts when using the inverse of the GISTM-NP to predict the average choice response time for each of the 56 category structures
tested across the three experiments of Study 2. The ﬁrst column displays the inverse of the GISTM-NP ﬁts to the data and the second column displays the
SOA ﬁts to the data. The inverse of the GISTM-NP accounts for approximately 86%, 81%, 63%, and 80% of the variance in choice response times for the
combined, clock, shoe, and t-shirt data without free parameters, while the SOA accounts for only 23%, 21%, 19%, and 15% of the variance in the data
respectively with the help of 6 parameters.
Table 1
Model comparison.

Nature
Focus
Fit to 56 structures
Number of free parameters

Inverse of GISTM-NP

SOA extension

Non-probabilistic
Collective structure
R2 = .86
None

Probabilistic
Individual features
R2 = .23
6

Note: R2 estimates are based on model ﬁts to the combined data for the 56 structure types tested across the three experiments of Study 2.

the data corresponding to each of three stimulus conditions
tested in Study 2 (see Table B1 in Appendix B). The estimates were computed using the RISK SOLVER platform
in Excel which implements the gradient descent method.
Overall, we estimated six parameters for each of the four
datasets: (1) one set of mean random durations for suppressing each unique aspect (lx), common aspect (ly), and
extraneous activity (le) across the 18 three-dimensional
structures and (2) one set of these three parameters across
the 38 four-dimensional structures (Busemeyer et al.,
1988). We chose this method of parameter estimation

because it parallels the method utilized for estimating the
scaling parameter of the GISTM (i.e., two scaling values,
one for 3 dimensional and one for 4 dimensional categorical
stimuli) across the 56 category structures whenever we use
the parameterized version of the inverse law (i.e., the inverse
of the GISTM). As can be seen in Fig. 6, the parameterized
SOA extension accounts for approximately 23% of the variance in choice response times for the combined data,
t(54) = 4.04, p < .001, b = 0.25, SE = 0.062, RSE = 0.24.
Additionally, the Spearman rank-order correlations associated with the SOA ﬁts were approximately .44, .47, .44,
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and .24, respectively; whereas, the rank-order correlations
for the inverse of the GISTM-NP ﬁts were approximately
.92, .88, .85, and .87, respectively.
A similar performance advantage was observed with
respect to the predictions at the family level. As seen in
Fig. 5, the inverse of the GISTM-NP accounts for 97%,
59%, and 47% of the variance on a per family basis data
corresponding to the 32[4], 42[4], and 42[12] families of category structures, respectively. Results with respect to these
families are particularly informative and more reliable
because they contain the greatest number of structures
among the families tested (6, 19, and 19 respectively).
Overall, these are signiﬁcantly better ﬁts than those
achieved by the SOA. For example, the SOA accounted
for 65% of the variance (compared to 97% for the inverse
of the GISTM-NP) in data from the 32[4] family (but
barely failed to reach signiﬁcance at the .05 level;
t(4) = 2.74, p = .052, b = 1.29, SE = 0.47, RSE = 0.093,
R2 = .65). It also accounted for 56% of the variance (compared to 59% for the inverse of the GISTM-NP) in data
from the 42[4] family (t(17) = 4.67, p < .0001, b = 1.37,
SE = 0.294, RSE = 0.088, R2 = .56). Finally, it accounted
for 15% of the variance (compared to 47% for the inverse
of the GISTM-NP) in data from the 42[12] family, but
did not reach signiﬁcance (t(17) = 1.76, p < .10, b = 1.42,
SE = 0.802, RSE = 0.099, R2 = .15). Furthermore, the
SOA needed 21 parameters to achieve its predictions at
the family level (3 parameters per family); in contrast, the
inverse of the GISTM-NP does not have free parameters.
Overall, the comparison reveals that the GIST and the
candidate inverse-law of concept learning diﬃculty ﬁt the
choice response time data for all 56 tested category structures much more accurately than the SOA. Moreover, the
estimated parameter values provided in Table B1 for the
SOA extension do not make much theoretical sense and
highlight the ill-suited nature of using the model to predict
and explain the phenomenon in the current study. But perhaps the biggest diﬀerences among the two models lie in the
nature and focus of each. GIST is non-probabilistic in nature and its core model, the GISTM-NP, approximates a
collective structure among alternatives by calculating the
degree of categorical invariance and the degree of concept
learning diﬃculty for the entire choice set (i.e., categorical
stimulus). In contrast, SOA is probabilistic in nature, and
the associated extensional model relies on calculating binary choice probabilities in a sequential fashion at the
individual feature comparison level (Busemeyer et al.,
1988; Restle, 1961). Admittedly, the proposed relationship
between degree of concept learning diﬃculty and choice
response times does not purport to make predictions about
which items will be selected and, in this respect, cannot be
compared to the SOA extension.

between concept learning performance and choice behavior.
To our knowledge, this is the ﬁrst time that this type of high
level integration has been accomplished between these two
capacities. Previous research on the role of invariance in
categorization performance has conﬁrmed that it determines concept learning, whereas lack of such invariance
increases the structural complexity of the stimulus set and,
therefore, impedes performance (Vigo, 2009b, 2011a,
2011b, 2013, 2014). Presently, we proposed that the role
of categorical invariance in determining preferential choice
response times is to increase the diﬃculty of choosing the
preferred item among a set of competing alternatives. This
is rather intuitive in that as the coherence (i.e., relational
homogeneity) between the alternatives of the categorical
stimulus increases, comparisons between these alternatives
become naturally more diﬃcult and this diﬃculty is
reﬂected by the length of time it takes to make such decisions. This connection teases apart and highlights the role
that gestalt perception alone (independent of aﬀective states
and value-judgments), may have on choice behavior. The
consequences are intriguing: for example, categories from
which it is easy to form a concept are also choice sets from
which it is diﬃcult to make a preference choice. So, if an
observer has easily acquired a concept about the utility of
the alternatives in a choice set, then the observer’s conceptualization will make it diﬃcult to make decisions about its
alternatives. Does this mean that poor classiﬁers are better
at making quick preference decisions?
In conclusion, we believe that the present studies have
provided substantial empirical evidence in support of the
generality of the proposed conceptual-choice principle.
However, there are several limitations which should be
addressed with future research: for example, does the conceptual-choice principle and its associated inverse law of
concept learning diﬃculty account for choice RTs on more
complex choice sets deﬁned over continuous dimensions?
Another important future research direction involves testing for preference rankings among sets of alternatives.
The expected longer response times from this task will
amplify diﬀerences among the middle four category structures of the 32[4] family allowing for a more reﬁned analysis
of the relationship between structure and choice response
time. In conclusion, we hope that the link between concept
learning and choice behavior investigated in this article will
inspire new research directions in both ﬁelds.

5. Conclusion

Appendix A. Technical appendix

The primary aim of the current study was to provide evidence in support of a precise and direct mathematical link

The following is a brief introduction to categorical
invariance theory (Vigo, 2009b, 2011a, 2011b, 2013,
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2014). The reader is referred to the cited publications for a
detailed account of CIT (categorical invariance theory) and
GIST (generalized invariance structure theory). The most
complete source on both theories is the book by Vigo
(2014). GIST overcomes two limitations inherent to CIT:
(1) it describes precisely the way that humans presumably
detect categorical invariants and (2) unlike CIT, which only
works on categories deﬁned over binary dimensions, GIST
also works on categories deﬁned over continuous dimensions. However, because the categorical stimuli used in this
article involve only categories deﬁned over binary dimensions, in order to simplify our exposition, we shall discuss
the theoretical underpinnings of CIT and the law of invariance at the core of GIST, namely the GISTM (generalized
categorical invariance structure model). We follow this
approach because the invariance patterns (i.e., categorical
invariants) predicted by CIT with respect to categorical
stimuli deﬁned over binary dimensions are identical to
those in GIST.
CIT and GIST are theories about concept learning and
categorization performance based on the idea that humans
implicitly and systematically detect speciﬁc kinds of atomic
patterns in categorical stimuli in their environment (and in
their mind) that facilitate concept formation. Both theories
identify a speciﬁc kind of atomic pattern referred to as a
“categorical invariant” and place it at the core of a wide
variety of cognitive phenomena (Vigo, 2013, 2014). Next
we deﬁne the notions of a logical manifold and a categorical invariant. The logical manifold of a category of objects
with D dimensions is deﬁned as the D-tuple or vector below
(each of its components is called a “structural kernel”):
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F (this is the category deﬁned by the concept function F).
The partial derivative transforms or perturbs each object
~
xj with respect to its i-th dimension and evaluates to 0 if,
after the transformation, the object is still in F (it evaluates
to 1 otherwise). Thus, to compute the proportion of objects
that remain in F (i.e., the proportion of categorical invariants) after changing the value of their i-th dimension, we
need to divide the sum of the partial derivatives evaluated
at each object ~
xj by p (the number of objects in F and subtract the result from 1. The absolute value symbol is placed
around the partial derivative to avoid a value of negative 1.
For a detailed explanation of these measures and concepts
see Vigo (2011a, 2013, 2014). Also, to download a Matlab
program that computes the structural kernels comprising
the logical/structural manifolds of categorical stimuli go
to the following website: http://scopelab.net/programs.
htm. Then, the overall degree of categorical invariance of
a categorical stimulus is measured by computing the
Euclidean distance (and in a more general variant, the
Minkowski distance) between the 0 logical manifold and
the logical manifold of the categorical stimulus as shown
below:
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Finally, the degree of learning diﬃculty w of a category
of object-stimuli deﬁned over binary dimensions is deﬁned
in GIST as the negative exponent of the square of the
degree of categorical invariance of the Boolean category
F multiplied by its cardinality as shown below:
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The non-parametric version of this candidate law (Vigo,
2013, 2014) uses a deterministic quantity to characterize the
discrimination between concepts in psychological space:
namely, D0 =D where D0 stands for the minimum number
of dimensions needed to describe a non-trivial dimensionally deﬁned categorical stimulus ðD0 ¼ 2Þ and D is the
number of dimensions that deﬁne the categorical stimulus:

ðA1Þ

Where a kernel is simply the proportion of object-stimuli in the category that are (categorically) invariant with
respect to dimensional perturbations on the entire category
(i.e., all its objects) deﬁned as follows:
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In the above deﬁnition, ~
x stands for an object deﬁned by
D dimensional values ðx1 ; . . . ; xD Þ. The general summation
symbol represents the sum of the partial Boolean derivatives evaluated at each object ~
xj from the Boolean category
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Appendix B
See Table B1.

Table B1
Parameter estimates for Study 2 using the Busemeyer et al. (1988) SOA extension.
Stimuli

lx
3-D

4-D

3-D

4-D

3-D

4-D

Clocks
Shoes
T-Shirts
Combined

5.40
0
0
0

50.37
13.17
0.62
10.62

14.31
1.34
0.08
1.15

97.48
25.39
1.13
20.16

300.99
84.29
3.74
66.77

4.19
0.02
0
0

ly

le
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